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Abstract
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Heating buildings is important in everyday life. Especially today, every saving of thermal energy is important
to stop the global warming of our planet. In this context, the influence of the thermal capacity of walls on the time-
dependent temperature change inside buildings is most often ignored in the literature. Therefore, this work aims
to investigate the influence of the thermal capacity of the wall on the time-dependent change of the internal
temperature in a building room by developing a simple theoretical model enabling the calculation of unsteady heat
transfer through the building wall, taking into account the role of the thermal capacity of the external wall. The
theoretical analysis also takes into account the heat capacity of the air occurring in a limited cubic space, which
has not been taken into account in other studies on this topic. Two cases of time-dependent changes in outdoor
temperature are considered here: a constant outdoor temperature and a periodically changing ambient temperature.
After applying a few simplifying assumptions, the problem can be reduced to a system of ordinary differential
equations, which can then be solved analytically. Thus, the developed methodology can be used to design partitions
in energy-efficient buildings.
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¢,  specific heat capacity of the air, / / (kg K)

A,, surface area of wall, m?

out heat transfer coefficient in the ambient air outside the building, W /(m?K)
heat transfer coefficient inside the building, W /(m?K)
thickness of the wall, m

thermal conductivity of the wall, W /(m K)

mass of the wall, kg

mass of the air, kg

temperature, K

average wall temperature, K

ambient temperature, K

internal temperature, K

reference temperature, K

time, s

time lag, s

half-period time, s

density, kg/m3

dimensionless temperature, = T /T,

dimensionless time, = ta/H?
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1. INTRODUCTION

The imperative of global climate warming and the concerted efforts to mitigate its deleterious effects on
the human environment have been the central focus of numerous scholarly endeavors. The analysis of
the ramifications of temperature variations on the thermal dynamics of enclosed spaces assumes
a paramount significance, as this issue stands as a pivotal factor impacting the occupants' well-being
and everyday functionality. Correspondingly, the matter of operational expenditures, the reduction
of which has been elevated to the zenith of priorities for the building owners, warrants close attention.

Consequently, an avid scholarly interest has been kindled in the domains of energy consumption
optimization and the concomitant amelioration of its dissipation within inhabited spaces. This subject's
significance is underscored by an expansive corpus of literature, wherein researchers underline
the cardinality of ensuring room occupants' thermal comfort, intrinsically linked with the fulfillment
of requisites pertaining to the energy characteristics of structures.

An example is shown in [1] in which the authors discussed the latest technologies and software that
support the design and subsequent operation of modern buildings.

In works [2] and [3], the authors presented the properties of phase change materials (PCM)

and solutions in various areas of their applications aimed at reducing energy consumption. In addition,
they drew attention to the use of PCM as a thermal energy store (TES) from cooling processes produced
by chilled water units. In turn, in [4], the authors, apart from appreciating the features and properties of
phase change materials, pay attention to the negative effects of the use of these materials, such as
weakening the mechanical properties or increasing the costs of producing these materials.
Due to the highest percentage of energy consumption generated by heat losses through partitions and
the impact of thermal capacity on energy consumption and thermal comfort of users of residential and
intended buildings as well as non-residential buildings, e.g. public buildings, the authors in [5] and [6]
pay attention to the correct construction of these partitions. They also indicate the need to optimize
projects that improve the thermal insulation of partitions and reduce heat losses.
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In turn, in [7] the authors emphasize that various wall construction solutions, and in particular
their thickness, have a strong impact on the time delay and the decrement coefficient. The materials
from which these walls are made, having greater thermal inertia, allow for a lower loss coefficient. The
obtained research results may be useful in designing appropriate external partitions for the building.
Taking into account the important role of modeling in the issue of rational energy consumption, in [8]
attention is drawn to models for assessing thermal comfort in terms of the energy performance of
buildings. They further emphasize that optimal modeling reduces too high air temperature in the room,
achieves the intended thermal state and minimizes energy consumption. The work [9] is devoted to
modeling, in which the authors, using the method of simulation analysis of energy consumption, verified
the compliance of the developed model by comparing it with the actual energy consumption. Based on
the model, they analyzed the thermal design parameters of the building envelope structure and presented
the optimal combination of energy saving effect schemes, which can provide decision support for energy
saving in public buildings.

Like models, systems are also important in the process of rational energy management.
In [10], the authors draw attention to the high popularity of systems designed to control temperature in
rooms and present such a system. In the experiment they show that a room controlled using the
developed system consumes much less cooling energy than a room controlled conventionally, and also
shows fewer violations of comfort restrictions.

In this context, it is imperative to direct due diligence to the substantial consequences
of the thermal capacitance inherent within building partitions or walls, vis-a-vis the efficacious
harnessing of heat gain through accumulation. This focal point, elucidated across a plethora of
investigations [11-15], has recently come under the purview of a scholarly group, whose published
experimental inquiries [16-22] dissect the influence of building wall thermal capacitance, alongside the
fluctuations in external temperatures, upon the indoor air temperature dynamics. These studies lay bare
the oscillations and variations that take place within unheated spaces. Moreover, this empirical corpus
attests to, and converges with, prior experimental and theoretical elucidations as documented in [23-31],
which, inter alia, delve into aspects of the optimization of building wall insulation, the modulation of
time lag and temperature attenuation by thermal insulation, and the dynamic behaviour of thermally-
isolated walls.

However, the presented research is characterised by the absence of exhaustive theoretical analyses

that expound upon the discussed phenomenon. Hence the need for theoretical inquiries, which in their
essence, facilitate the methodical structuring of insights into the subject under investigation, and confer
an elevated understanding of the essence of heat transfer through building walls, all the while
circumventing formidable financial constraints.
Therefore, it is imperative to carry out theoretical investigations and corroborate them through empirical
investigations particularly due to the dearth of theoretical works squarely addressing
the intricacies of heat transfer in buildings. The present study presents an innovative approach to this
conundrum by formulating a straightforward theoretical model.

An exceptionally intriguing theoretical contribution is the work [28], wherein the heat transfer
through a building wall is analytically studied using Green's function, with climatic conditions congruent
with those endemic to Northwestern Iran. Within the aforementioned study, damping and phase shifts
of temperature distribution on both sides of the wall were delineated contingent upon variances in
external conditions, the material composition of the wall, and the heat transfer coefficient. However, the
reported work has a hidden limitation in that it does not take into account the heat capacity of the air
confined in the internal spaces of the building's structural system.The theoretical model developed in
our current work encompasses the internal air capacitance and also defines damping and temperature
distribution shifts for various wall parameters and external conditions.
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The objective of this study is, therefore, a simplified analytical analysis of the temporal
temperature profile within an enclosed space, considering walls with varying thermal capacities that
enclose the examined area under changing external temperature conditions. Two distinct scenarios have
been subjected to analysis:

1 — non-stationary conditions of cyclic wall and interior heating, and
2 — non-stationary wall heating under constant external temperatures.

The motivation for the simplified analytical approach are standard solutions to heat flow problems
along with a discussion of the most important boundary value problems and theories regarding the
Green's function method for calculating the unsteady heat flow through the building wall, presented e.g.
in [32, 33].

Based on the presented literature review, it can be concluded that our work took into account the
influence of air located in a limited internal space on temperature damping and phase shift. Therefore,
this work brings new value to the current state of scientific and technical knowledge and stands out from
other studies that did not take into account the influence of the air in the internal space on the temperature
damping and phase shift in the presented issues.

2. MATHEMATICAL MODEL

In the following we are concerned with the problem sketched in Fig. 1. Here an unsteady heat flux q is
transferred from the external air (ambient) with the temperature T, to the enclosure in the building
with an internal air temperature T;;, (Toy: > Tin), through the external wall with a thickness H, and an
area A,,. The wall is assumed to have an average temperature T and the heat capacity m ¢ .

The internal air has the heat capacity m,c,. The heat diffusivity for the wall material
is a =k/(pc). In the considered theoretical model, it was assumed that the considered enclosure
is surrounded by an insulation, and the specific heat g can only flow through one wall with the area 4,,.
(see Fig. 1). Then, when the temperature inside the space exceeds the outside temperature T,,; < Tin,
the direction of the heat flow changes to the opposite direction. This process can be repeated periodically
for a periodic temperature variation in the ambient or monotonically if the ambient temperature outside
the building is constant.

The theoretical model assumes that the temperature in the wall is uniform at all times.

The heat transfer coefficients on both sides of the wall are equal to: h,, - from the ambient air to the
outside surface of the wall and h - from the inside wall surface to the inside air.
Sample parameters of the walls and the indoor space are listed in table 1.

Table 1. Parameters of the wall and the indoor space

Wall | Hm |m¢, MJ/K A, m*| a m?/s | mgcy, M]/K | hyye, W/(m?K h,W/(m*K

Bl 0.458 3.466 14 1.22-1077 0.111 10 10

B2 0.393 1.170 14 1.93-1077 0.111 10 10

The heat balance for the wall and the internal air space shown in Figure 1 is described
by equations 2.1 and 2.2 (for H2/A,, « 1 and the air is assumed to be well mixed due to the presence
of free convection inside the room):

e heat balance for the external wall

% (m C_T(t)) = _hAw (T - Tin) + houtAw(Tout - T): (2-1)
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¢ heat balance for the indoor space

d _
2 (g p Tin(®) = hAy (T = Tpo), (2.2)
insulation wall = ----------|_._. -
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0

Fig. 1. Heat inflow or outflow from the internal space,

o Fig. 2. Building wall, temperature distribution
temperature distribution

at any time

Quasi-stationary heat conduction through the building wall at a specified time t is shown
in Fig. 2. The transferred heat by convection on the outer wall surface of the building is can be expressed
by (see Figs. 1, 2):

q = hout (Toue — T1) (2.3)

Evaluating the conductive and convective heat fluxes for the wall at any time results in

K

gs (Ty — T2) = hout (Toue — T1), (2.4)
where the temperatures T; and T, are the surface temperatures of the outer surface and inner surface of
the wall, respectively. Now we assume for simplification an average temperature in the wall which is

equal to

H
Jo T)dx _ Ty+T,
H

T = - TZ = ZT - Tl' (25)
Using equations (2.4) and (2.5) the temperature at the wall surface T; as a function of the average
temperature is given by the equation:

2kg = houtH

T, = .
17 2kgthoyeH 2kgthoyeH  OUt

(2.6)



THE EFFECT OF THE WALL HEAT CAPACITY ON THE UNSTEADY TEMPERATURE DISTRIBUTION 105
INSIDE BUILDINGS: A SIMPLE ANALITYCAL APPROACH

The convective heat flux on the outer wall depending on the average wall temperature T is now equal
to:

hou T ! T
hout(Tous — T1) = ”Tutt (Toue = T) = hoye(Toue = T) (2.7)

2ks

Please note that if the thermal conductivity of the wall is large, ks — oo, or (and) the thickness is
small, H — 0, then the heat transfer coefficients on the outer surface of the wall are equal,
out = howe- A similar situation is on the inner surface of the wall. Building walls are generally poor
heat conductors, therefore the heat transfer coefficients should be reduced accordingly in the equations
(2.1-2.2).

Under real conditions, the outside air temperature fluctuates in the summer. At night,
the outside air temperature is lower than during day time, therefore it is reasonable to model the variation
of the temperature with time by a periodic function. Thus, two cases of unsteady heat transfer from the
outside to the inside space are considered in the following:

1 — A sinusoidal change of the outside temperature and
2 — A constant outside temperature: a high temperature for the case of heating of the room and a low
temperature in case of cooling of the room.

2.1. Unsteady, periodic heating of the outside wall and the inner space

It will be assumed that the outside ambient air temperature distribution over time is given by
. T
Tout = Touto + Touta Sin (t_ t)' (2.8)
0

where T,,+o 1S the average outside temperature of the ambient air, T4 is the outside air temperature
amplitude, t, is the half-period of the outside temperature change.

By introducing the following dimensionless quantities

T, . _ Tauto . _ Touta . _Tim, __ta
T_p' Oout T’ 9aut0 - T, , goutA T ein - T_p' ~ gz (2-9)

into the heat balance equations (2.1, 2.2), a dimensionless system of ordinary differential equations can
be obtained:

where:
2 2 2
_ hFWH7 . B = houtFaf'I 0 C = hFi . (211)
am¢ amc amgCp

The energy equations (2.10) form a system of ordinary differential equations for the two unknown
temperatures 6 and 6;,,. After transformations and additional differentiation, equation (2.9) leads to a
inhomogeneous linear ordinary differential equation of the second order:
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d?6, dbin
—z ta—=+ B0 =B O, (2.12)

where:
a=A+B+C;f=B-C, (2.13)
and the assumed external temperature distribution in time is described by the equation:
Bout = Boout + Boasin (7). (2.14)
0
The differential equation (2.9) satisfies the initial conditions for the indoor temperature
dbin
0m(0)=1; —=(0) =0. (2.15)

Using the solution of equation (2.4), the wall temperature is then calculated using the equation

1d6in

0 =0m+;—, (2.16)
The procedure for solving equation (2.12) is as follows:
The solution of the homogeneous differential equation
d2e; do;
—ta 2+ 0, =0, (2.17)
depends on the value of the discriminant of the characteristic equation
A=a?—4-1-8, (2.18)
For the case when A> 0, the roots of the characteristic equation are given by
T2 = —_aiﬂ = —% + %\/Z, (2.19)
and the general solution to the homogeneous differential equation is
Hinh = C1 " erl'r + Cz " erZ.T. (220)
The particular solution is provided in the form of:
. s A
Oinpar = E + F - sin (;T) + G - cos (a‘[) . (2.21)

In the here considered case, the right hand side of equation (10) is equal to:

BOout = Bbouto + BOoutasin (7). (222)
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After substituting the special solution into equation (2.4), we obtain an equation in which there
are unknown constants E, F and G

m\2 (T T2 T T T
—F- (—) sin (—T) - G- (—) cos (—T) +a-F- (—) cos (—T)
To To To To To To

—a-G-(E)sin(zr)+ﬁ-E+ﬁ-F-sin(T£T>+B-G-cos(zr)

To To 0 To

= BOouto + BOoutasin (% T)- (2.23)

Comparing the coefficients for the sine and cosine functions separately, we obtain a system
of three algebraically equations for the constants E, F, G:

BE = BOouto

_F.(z)z_a.G.(%)+ﬁ.F=ﬁ9m

To

—G-(Tl)2+a-F-(%)+,8-G=O. (2.24)

0
The constants E, F and G obtained from solving the above system of equations are given by
2
Bl(z) -Ble ap(7-)o
E = Opyo; F = — (G plowwen ¢ _ - ()0 y
(&) -] +e2()

[(2)"-6] +ar(Z)’

The values of exemplary constants appearing in the above equations are included in table 2 for
Bouto = 1; Oouta = 0.5

(2.25)

Table 2. Exemplary constants for the solution of the problem

A B C To a B E F G
Bl |71 |715] 2 0.025 | 2451 165 000 1 | 0103 | -0.216
5 308
B2 | 109 | 109 | 972 | 0.054 | 1190 106 000 1 0.382 | -0.223

The temperature field inside the room describes the solution of the inhomogeneous equation
(2.4) being the sum of the homogeneous solution and a particular solution:
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_ T T (T L
Oy =E + Cie™* + Cye™?" + Fsin (TO T) + Gceos (TO ‘L') , (2.26)
dbin
dt

=Cyren™+Cyrye™" +LF cos (lr) — LG sin (lr), (2.27)
To T

To To 0

The average wall temperature is described by the equation:

1d6;, et ot (T T
9=9m+E e =E+C e +(C,e™ +Fsm<ar)+Gcos<T—OT>
1 .
+2 (61 r et +Cyrye?t +% F cos (%T) —% G sin (%T) ), (2.28)
using the initial conditions
dbin
0;,(0) =1and 7(0) =0, (2.29)
The integration constants can be calculated:
C,=—(1—F - G)—2 F(”) L
e n—-n To/1 — 1
—(1—F — £t Ty 1
C=(1-E=G) - +F (TO)H_TZ. (2.30)

For the two examples specified above, the numerical values of the parameters in equations
(2.12 — 2.15) and the above constants are equal to:

forwall B1: r; = —69.5; r, = —2382; C; = 0.216; C, = —0.00082,
forwall B2: r; = —96; r, = —1095; C; = 0.225; C, = —0.00200.
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Fig. 3. Dimensionless temperature distributions for the lightweight wall B2
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Fig. 4. Dimension temperature distributions for the heavy wall B1 (At = 3.9 h; ATy, = 4°C)
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Fig. 5. Dimension temperature distributions for the lightweight wall B2 (At = 2.5 h; AT,,4, = 2.5K)

The results of the theoretical study is presented in Figures 3 - 5, which show that the decrease in
internal temperature AT, and the time lag At compared to the external temperature depend on the
heat capacity of the wall. The indoor temperature T;, changes periodically, similar to the outdoor
ambient temperature T,,,;. The direction of the heat flow in the wall g changes depending on the sign of
the wall temperature difference and the temperature inside the room T — T, (see Fig. 1). For a heavy
wall (B1) the temperature damping and delay parameters are greater than for a light wall (B2). Interesting
is the temperature difference, T — T;,, , between the temperature of the wall and the temperature inside
the space, which is very small.

2.2. Unsteady heating and cooling of the room with a constant outside air temperature

The heat flow from the outside to the room inside is described by equations (2.4):

dzein dbin _ . _ 1d0in
Oy g o G =B O 0= O+l

(2.31)

Assuming a constant outside air temperature in the first differential equation 6,,; = const
and substituting the expression

y(©) = B(O0in(T) — Opur) (2.32)

The following differential equation can be obtained

2
T raipy=o, (2:33)

dr?

whose solution is given by



THE EFFECT OF THE WALL HEAT CAPACITY ON THE UNSTEADY TEMPERATURE DISTRIBUTION 111
INSIDE BUILDINGS: A SIMPLE ANALITYCAL APPROACH

y(t) = Cie™" + Cre™". (2.34)

The parameters r; and r, are the roots of the characteristic equation, and the integration constants C;
and C, are determined from the initial conditions:

y(0) = B = Opur) s 2(0) =0, (2.35)

After substituting the calculated integration constants into the solution (2.27), the temperature inside the
space and the derivative of the inside temperature are described by the equations

ein = eout + (1 - Qout) M; % = (1 - gout) Tl”;l (erl‘r - erzr). (2-36)

T—T4 dat T2—

3. RESULTS METODOLOGY AND DISCUSSION

The theoretical method presented in this work is simpler than existing works and can be used
in the design of building partitions ensuring appropriate thermal comfort of rooms. Modeling of the
structure of these partitions, as well as their optimization, contributes to obtain the most advantageous
solution in the arrangement of partition layers in terms of saving thermal energy and minimizing heat
losses.

The time dependent variation of the temperature in the internal room, which is shown
in Fig. 6 for a constant external temperature, changes exponentially over time.

1,6 | 0,018
Oout
1,5 | 0,015
N 0
1,4 2 0,012 y
S S
S 13 0,009 =
@ | %
1,2 /| 0,006
\GW
11 14— — dow/dr — | 0003
|
1 | Lo
0 0,01 0,02 0,03 0,04 0,05
T

Fig. 6. Distribution of the internal temperature and its derivative
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Fig. 7. Dimensionless temperature distributions in the heated space (6,,; = 1.5)
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Fig. 8. Dimensionless temperature distributions in the cooled space (8,,; = 0.5)

Figures 7 - 8 show the dependence of the temperature inside the room for two different wall heat
capacities at constant outside air temperatures. For a heavy wall (B1) the temperature changing less than
for a light wall (B2).
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A mixed research methodology was used to solve the research problem based on a combination
of a qualitative approach regarding understanding and interpretation of the phenomenon of external wall
heat capacity and a quantitative approach describing this phenomenon using numerical data.

The mixed research methodology used allowed for a better understanding of the phenomenon of wall
thermal capacity and has a significant impact on the research results, which, in accordance with the best
practices for presenting quantitative data, include the use of appropriate charts.

Compared for the two cases considered, namely a wall with a low thermal capacity (B1) and a
wall with a high thermal capacity (B2), they constitute the basis for an individual analysis and evaluation
of the results. It also provides an opportunity to compare the achievements of other researchers who, in
their studies on this subject, did not take into account the heat capacity of air occurring in a limited
space.

Due to its universality of use, the method can be practically useful in simplified energy analyzes
of buildings, which use the temperature values of the building envelope and inside a given room, as well
as the value of the heat capacity of the air present in a limited cubic space. In such cases, the results
obtained can be used to assess the energy efficiency of a facility and planning the costs
of possible thermal modernization projects in order to meet the normative technical requirements for
appropriate thermal insulation of building envelopes.

Moreover, the thermal capacity of given values assigned to a specific building partition
is related to the degree of effective use of heat gains, which is taken into account in the usable energy
balance in the case of heating and ventilation. This is then appropriately used in the economic assessment
of the operating costs of a given building.

4. CONCLUSIONS

Based on the results of the theoretical research presented in this work, it can be concluded that
parameters such as the decrease in internal temperature and the delay in relation to the external
temperature depend on the thermal capacity of the wall. The greater the thermal capacity of the wall, the
greater are the mentioned changes, and the obtained results are consistent with theoretical and
experimental studies cited in the scientific literature.

In addition, the benefit of this work is the ability to determine based on the obtained temperature
damping value, the degree of the maximum daily fluctuation of the external temperature, and the
maximum daily fluctuation of the temperature of the internal surface of the building envelope.

A valuable advantage of this work is that the theoretical model created is universal and can be

used for various external temperature distributions. This was confirmed by the example external
conditions tested here: cyclic, see equation 10, and constant temperature, see equation 2.18.
In future research, it is planned to use the developed theoretical model for cases involving different
external temperature distributions, apart from those presented in this Article. An interesting option that
deserves research interest in the future is to adopt theoretical parameters for several representative
partitions from the groups of massive, reinforced and light partitions, and then verify the theory
and the obtained calculation results through a research experiment.
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