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Abstract

This paper addresses the optimization of the cross-section in rectangular above-ground tank walls, incorporating
vertical ribs and an optional top ring. The objective is to minimize the volume of concrete used, while maintaining
key performance criteria such as keeping the maximum tensile stress below the material’s allowable limit and
minimizing deflections. The analysis is performed using the finite element method (FEM), with the optimization
handled through a local gradient-based algorithm (trust region method), supported by a multistart technique to
navigate the complexity of the design space and avoid suboptimal solutions. The results demonstrate that this
approach effectively reduces concrete consumption without exceeding the tensile stress limits or causing excessive
deflection, offering more efficient and cost-effective designs for rectangular tanks used in water storage
applications. This method provides valuable insights into the balance between material usage and performance
constraints, contributing to sustainable engineering practices.

Keywords:  rectangular concrete tanks with ribs, cross-section optimization, finite element method, trust region
algorithm, multistart optimization

1. INTRODUCTION

Effective water management is becoming increasingly important as extreme weather events like
droughts and floods impact both urban and rural areas. These events necessitate the development of
robust infrastructure, particularly storage tanks, which play a critical role in water management systems
and the storage of materials from technological processes [1,2]. Tanks can be made from various
materials, including steel, concrete, and plastic. Standardized designs are more common for steel and
plastic tanks, often pre-fabricated and ready for assembly on delivery. This has significantly advanced
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the design of small-capacity tanks for water [3], gas [4], and bulk materials [5], making them easier to
procure and install without the need for administrative permits. These improvements have facilitated
better storage solutions for water, grain, waste, and other materials. Plastic and composite tanks,
typically used in smaller applications such as wastewater collection or water storage, have also
benefitted from these advances [6].

Historically, cooling-tower shell research has evolved from addressing short-term stability to
focusing on long-term durability and performance. Early foundational work by Mang and Cedolin [7]
utilized modified Hamilton’s principle to derive equations for nonlinear dynamic analysis, effectively
handling follower loads and seismic responses, a milestone in adapting finite element methods for large
structures like cooling towers. As research progressed, Bamu and Zingoni [8] documented the shift
towards studying deterioration and structural integrity over time, emphasizing the role of cracking and
imperfections. Wen-da and Hao-zhong [9] contributed by refining linear pre-buckling analysis for ring-
stiffened shells, showing its practical precision for predicting critical loads. Mang et al. [10] further
applied variational principles to model deformation and stability with finite elements, aligning empirical
stability measures with calculated safety margins. Collectively, these studies have deeply influenced
modern strategies in cooling-tower shell analysis, bridging theoretical rigor with practical durability
considerations.

Designing tanks requires a comprehensive understanding of static analysis and the
interrelationship of different elements. Traditional methods often treat rectangular tanks as combinations
of separate plates, such as the wall, base, and cover plates. For tanks with rectangular cross-sections, if
the differences in calculated moments are within 10%, the higher value is typically used. In cases of
larger discrepancies, techniques like the Cross method are employed to distribute the moments according
to plate stiffness [11,12]. Concrete tanks, especially larger ones, present greater design complexity due
to the challenge of ensuring watertight joints between prefabricated elements. However, many large
concrete tanks are custom-designed to meet the specific requirements of the investor and the operational
needs of the stored materials. Concrete remains a popular construction material for tanks due to its
durability, with recent advances in protective technologies improving its resistance to aggressive
substances stored inside tanks [13,14].

Most tanks are constructed with walls of constant thickness. However, research has demonstrated
that walls with a trapezoidal cross-section, where the thickness increases with depth, better optimize the
load-bearing capacity of the structure. This is particularly effective in structures subjected to hydrostatic
pressure, where the load increases with depth, justifying thicker walls at the bottom. These designs result
in material savings and better performance, although they present construction challenges [15]. Despite
these benefits, the majority of literature still focuses on tanks with uniform wall thickness [16,17],
covering guidelines for correct design and methods for correcting errors [11,12].

Tanks are subjected to various loads, including permanent loads like self-weight and backfill
pressure, as well as variable loads such as snow, vehicular traffic, earth pressure, and friction.
Temperature-induced loads are often less discussed, though they can cause substantial stresses,
particularly when temperature differences between wall surfaces induce bending moments, which
increase proportionally to the square of the wall thickness [18]. As a result, thinner upper walls, which
are more exposed to temperature effects, are often more appropriate. There remains relatively little
research on tanks with variable wall thickness, particularly in the context of temperature-induced stress
[19,20].

Several studies [15,21] have demonstrated the benefits of designing tanks with variable wall
thickness under thermal and hydrostatic loads. Numerical simulations of plates with variable thickness
subjected to temperature effects have shown that these designs result in better performance under both
load conditions. Additionally, experiments have validated the efficiency of these designs, showing that



OPTIMAL DESIGN OF RECTANGULAR TANK WALLS WITH RIBS USING NUMERICAL MODELS 295
AND GLOBAL OPTIMIZATION

tanks with trapezoidal wall cross-sections distribute internal forces more efficiently, leading to material
savings [15].

In recent years, there has been growing interest in advanced numerical techniques for optimizing
the design and performance of concrete structures, especially composite and prefabricated systems. The
use of numerical homogenization methods has emerged as a powerful approach for accurately modeling
the mechanical behavior of multi-layered and complex materials, such as concrete slabs. Studies have
demonstrated the effectiveness of combining solid truss and shell elements for homogenization,
particularly when dealing with prefabricated composite slabs. This allows for significant improvements
in both accuracy and computational efficiency when analyzing the structural performance of large-scale
systems [22,23].

Moreover, recent work has expanded the application of these techniques to include sensitivity
analysis and the optimization of composite slabs, such as bubble deck systems, which incorporate voids
or hollow sections to reduce weight without compromising strength. The incorporation of nonlinear
constitutive laws further enhances the accuracy of these analyses, making them invaluable in optimizing
the design and material usage of modern concrete structures. These studies provide a foundation for
applying numerical homogenization to various structural elements, and their findings have directly
influenced the approach taken in this research [24-26].

While this study focuses on the optimization of structural components in rectangular tank designs,
recent advances in optimizing concrete compositions, such as the work by Azmakan et al. [27] on alkali-
activated slag concrete, highlight the importance of material durability in challenging environments.
Their investigation into the optimal quantities of metakaolin and silica fume for acid-resistant concrete
underscores the relevance of material choices when designing long-lasting structures under various
environmental stresses . This broader context of material optimization supports the need for ongoing
research into both the structural and compositional aspects of concrete design.

In our previous work, we explored the influence of geometric parameters on the internal forces in
rectangular tanks with both constant and variable wall thicknesses [28]. It was demonstrated that the use
of variable wall thickness, particularly trapezoidal sections, can significantly reduce bending moments
at the base of the walls, where the highest stresses occur due to hydrostatic pressure. This results in a
more efficient distribution of material, leading to both structural and economic benefits. We also applied
numerical optimization methods, including trust region algorithms, to further refine the wall design,
focusing on reducing material usage while ensuring that the maximum tensile stresses remain below
allowable limits [29]. These optimizations have shown the potential for material savings of 10-15%
when compared to traditional designs.

Building on these previous studies, the aim of this paper is to further optimize the design of
rectangular above-ground tank walls by employing the finite element method (FEM) coupled with a
local gradient-based algorithm (again trust region) but enhanced with multistart techniques. The
objective is to minimize the volume of concrete used while keeping tensile stresses below critical limits
and minimizing deflections, all of which are treated as boundary conditions. Unlike our previous work,
which focused primarily on basic geometric parameters and simplified algorithms, this study focuses on
the combined use of FEM and trust region optimization to achieve more refined and practical design
solutions. By allowing the cross-section of the wall to vary along its height and considering the effects
of vertical ribs and an optional top ring, this work aims to provide new insights into the material
efficiency and structural performance of tanks subjected to hydrostatic pressure.
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2. NUMERICAL METHODS

This study focuses on optimizing the cross-sectional design of rectangular above-ground tank walls
using a combination of the finite element method (FEM) and gradient-based optimization techniques.
The aim is to minimize the volume of concrete required while ensuring that the tensile stress remains
below allowable limits and deflections are minimized. The primary components of the method are
described as follows.

2.1. Finite Element Modelling (FEM)

The structural analysis of the rectangular tanks is performed using the finite element method (FEM).
This method is particularly suited to modelling complex geometries and capturing the variations in stress
distributions caused by hydrostatic pressure. The tank wall is modelled with variable cross-sectional
geometry, allowing for different thicknesses at the top and bottom to account for changes in hydrostatic
pressure. Additionally, vertical stiffening ribs are incorporated into the model to enhance structural
performance.

For the finite element analysis, planar S4 shell elements were implemented in MATLAB [30] and
used in this study. These are four-node, fully integrated shell elements, which provide accurate
modelling of the wall behaviour under hydrostatic pressure. Additionally, strip-type elements (linear
stiffeners modelled as beam elements) were used to represent the vertical stiffeners. These strip elements
share nodes with the shell elements at the stiffener locations, ensuring proper interaction between the
wall and the stiffeners. Both the shell elements and the beam elements representing the stiffeners are
designed to have variable cross-sections. Specifically, the shell elements can vary in thickness along the
wall height, and the cross-sectional properties of the beam elements can change along the length of the
stiffeners.

2.2. Geometry and Boundary Conditions

The geometry of the tank walls is rectangular, and the thickness of the walls, as already mentioned, is
allowed to vary along their height. At the base, the wall is thicker to handle higher hydrostatic pressures,
while at the top, the wall is thinner due to reduced pressure. Vertical ribs are placed along the walls to
improve load distribution and minimize deflections. The tank may also include an optional top ring to
provide additional stiffness near the upper edge.

Boundary conditions are applied to simulate the tank being fully filled with liquid, which
generates hydrostatic pressure increasing with depth. The pressure is modelled as a linearly distributed
load acting perpendicular to the walls. The bottom of the tank is fixed, and constraints are applied to
ensure that the maximum tensile stress remains below the allowable stress for the concrete.

3. MATERIAL MODEL

In this study, the concrete used for the tank walls is modelled as an elastic, isotropic material. Concrete
is a complex material that exhibits nonlinear behaviour under loading, especially in tension, but for the
purposes of this study, an elastic approximation is applied to capture the material's response under
service conditions. The model is supplemented with the Lee-Fenves failure criterion to account for the
potential for cracking and material degradation under tensile and compressive stresses, but only in the
initiation phase, not during propagation, as we are primarily interested in the onset of failure and the
critical stress, rather than the complete failure of the concrete cross-section. Reinforcement was not
included in the model used in this study to focus on the primary behaviour of plain concrete under
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loading conditions, isolating the fundamental effects of geometry and load application without the
complexity introduced by reinforcement interactions.

3.1. Elastic Isotropic Behaviour

Concrete is treated as an elastic isotropic material, meaning that its mechanical properties—modulus of
elasticity and Poisson’s ratio—are assumed to be uniform in all directions. This simplification allows
for easier integration with the finite element method (FEM), while still providing reasonable accuracy
for predicting the stress-strain behaviour of the tank walls under hydrostatic pressure.

The key parameters for the elastic material model are:
e Young’s Modulus (E): describes the stiffness of the concrete and is used to calculate the stress-
strain relationship. The value of E is typically assumed for tanks as 30 MPa.
e Poisson’s Ratio (v): this parameter defines the ratio of transverse to axial strain and is typically
small for concrete, assumed here 0.2.
The stress-strain relationship for shells in the elastic regime follows Hooke’s Law for isotropic materials:
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e 0y and g, are the normal stresses in the x and y directions, respectively.
* Ty, isthe shear stress in the xy-plane.

» & and g, are the normal strains in the x and y directions, respectively.
*  Yyy is the engineering shear strain in the xy-plane.

e Eis Young’s modulus (modulus of elasticity).

e v is Poisson’s ratio.

(3.1)

3.2.  Lee-Fenves Damage Model

To capture the nonlinear failure behaviour of concrete under stress, the Lee-Fenves damage model [31]
is used. This model is widely recognized for its ability to represent the complex behaviour of concrete
under tension and compression, accounting for both stiffness degradation and inelastic deformation as
damage progresses.

The Lee-Fenves model is based on the following principles [32,33]:

e Cracking under tension: when concrete is subjected to tensile stresses that exceed a critical
threshold, it begins to crack. The model tracks this damage and progressively reduces the
stiffness of the material to reflect the formation of cracks.

e Crushing under compression: under compressive stresses, concrete experiences crushing at high
stress levels. The model accounts for this by reducing the material’s stiffness in compression as
damage accumulates.

e Biaxial behaviour: the model also captures the different responses of concrete under biaxial
stress conditions, where tension in one direction and compression in another can lead to complex
failure modes.
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The failure criterion is expressed as a function of the equivalent stress and strain, and is characterized
by two damage variables: one for tension and one for compression. These variables are updated at each
step of the analysis to reflect the current damage state of the material.

The governing equations for the Lee-Fenves model are based on:

de = di(f, f)  (for tension) (3.2)

d. =d.(f., f) (for compression) (3.3)

Where:
e d; and d, represent the damage variables in tension and compression, respectively.
e f; isthe current tensile stress, and f; is the current compressive stress.
e f{ is the peak tensile strength, representing the maximum tensile stress the concrete can
withstand before cracking initiates.
e f. is the peak compressive strength, representing the maximum compressive stress before
concrete begins to crush.
In these equations, the peak stress values f;" and f.* define the critical limits for concrete’s tensile and
compressive strength. Once the stress reaches these peak values, the damage variables d; and d. begin
to increase, indicating the initiation of cracking and crushing, respectively. However, since the focus of
this study is on the initiation phase of failure and the critical stresses, the model does not account for the
full propagation of cracks or crushing beyond these initial stages.

3.3.  Implementation in FEM

The material model is integrated into the FEM framework to simulate the behaviour of the tank walls
under the applied loads. The elastic isotropic model handles the initial elastic response, while the Lee-
Fenves failure criterion monitors the onset of damage and progressively adjusts the material properties
as cracking or crushing occurs.

This approach allows for a realistic simulation of the concrete's behaviour, particularly in areas
where tensile stresses may lead to cracking due to hydrostatic pressure. The integration of this failure
model is critical for ensuring that the optimization process remains within the allowable stress limits
and does not compromise the structural integrity of the tank walls.

4. OPTIMIZATION STRATEGY

The optimization process is based on minimizing the volume of concrete used in the tank’s construction.
This is achieved through the use of a local gradient-based optimization algorithm known as the trust
region method. The trust region algorithm iteratively searches for the optimal solution by approximating
the behaviour of the objective function (concrete volume) within a specified region. This method is well-
suited for problems where the design space is highly non-linear, as is the case with variable wall
thicknesses and stiffening ribs.

4.1. Multistart Optimization

To avoid being trapped in local minima, the optimization process employs a multistart technique [34].
This approach involves running multiple optimization trials from different starting points in the design
space. By initializing the optimization process from various points, the method explores a broader range
of potential solutions, increasing the likelihood of finding the global optimum [35,36].
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4.2. Objective Function
The objective of the optimization is to minimize the total volume of concrete, which is expressed as:

V= jh(x,y)dA (4.1)
A

Where V is the volume of concrete, h(x, y) is the local wall thickness as a function of position on the
wall, and A is the total surface area of the wall.

4.3. Design Variables and Constraints
The primary design variables include the thickness of the walls at different points (top and bottom), the
placement and geometry of the vertical ribs, and the potential inclusion of a top ring. These variables
are adjusted during the optimization process to find the configuration that minimizes the concrete
volume.
The optimization is subject to the following constraints:
e Tensile stress constraint: the maximum tensile stress must remain below the allowable limit for
the material, ensuring the structure’s durability.
o Deflection constraint: wall deflections must not exceed the specified value to prevent excessive
deformation, which could compromise the tank’s structural integrity and operational efficiency.

5. RESULTS

The analysis focused on one vertical wall of the rectangular tank, idealizing the boundary conditions
related to the connections at the corners with the adjacent perpendicular walls. In this example, the
analysed wall has dimensions of 9 meters in width and 3 meters in height. The stiffening ribs and wall
thickness were allowed to vary along the height to optimize material usage and structural performance.
The computational model consisted of approximately 3200 degrees of freedom to capture the stress
distribution and deflections under hydrostatic pressure. The model and the number of elements used in
this example represent a compromise between the accuracy of the results and the computational
efficiency, ensuring that the analysis provides reliable insights while maintaining reasonable calculation
times.

In the optimization process, the parameters related to the tank wall and stiffening ribs were varied
to achieve an optimal design that minimizes the volume of concrete while meeting stress and deflection
constraints. The six key parameters considered in the optimization include the thickness of the wall at
the top and bottom, the width and height of the vertical ribs, and the dimensions of an optional horizontal
rib. These parameters were adjusted within specified bounds, where the wall thickness at the top and
bottom ranged from 0.1 to 0.8 meters, while the rib dimensions were similarly constrained to ensure
feasible designs.

The GlobalSearch algorithm was employed to guide the optimization process. This method uses
a global search strategy, starting from multiple initial points to explore the design space and avoid
getting trapped in local minima. The algorithm was set to run with 50 trial points and 40 stage one points,
ensuring a broad exploration of potential solutions. As the algorithm iterates, it narrows down the search
toward the global optimum by evaluating and refining the design parameters based on the objective
function—minimizing the volume of concrete used for the tank wall and ribs.

The stopping criteria for the GlobalSearch algorithm were based on both the convergence of the
objective function and the satisfaction of the defined constraints. Specifically, the optimization process
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sought to reduce the volume of concrete while ensuring that the maximum tensile stress in the wall
remained below 3 MPa. In addition, deflections were minimized to prevent excessive deformation that
could affect the tank's structural performance. Once the best solution was found, with no further
improvements identified in subsequent iterations, the algorithm stopped. This approach allowed the
identification of an optimized design that balances material efficiency with structural integrity.

The FEM analysis is coupled with the optimization algorithm in an iterative process. After each iteration,
the FEM model recalculates the stress and deflection distribution for the current configuration of the
tank wall. The results are fed back into the optimization algorithm, which adjusts the design variables
accordingly. This process continues until the algorithm converges on an optimal solution that satisfies
all constraints while minimizing the concrete volume.

Figures 1 and 2 present the distribution of deflections and Huber-Mises-Hencky stresses in the
optimized rectangular tank wall, respectively.

Figure 1 shows the deflection results, where the deformation of the tank wall under hydrostatic
pressure is captured. The maximum deflection, as expected, occurs near the upper region of the wall,
with values reaching approximately 1.70x1073 meters. The deflection decreases toward the bottom,
where the wall is thicker and subjected to higher stiffness, with values approaching zero. The distribution
reflects the optimized design, where the variable wall thickness effectively reduces deformation while
minimizing material usage.
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Fig. 1. Distribution of deflections in the optimized rectangular tank wall

Figure 2 presents the Huber-Mises-Hencky stress distribution, which highlights the areas of the wall
experiencing the highest stress levels. The maximum Von Mises stress, around 2.67 MPa, occurs in the
lower region of the wall, where hydrostatic pressure is greatest. The stresses decrease moving upward,
reflecting the reduced hydrostatic pressure toward the top of the tank. The stress concentrations at the
corners and near the vertical stiffeners are also visible, demonstrating the effectiveness of the ribs in
distributing the stresses and reinforcing the structure.

Together, these figures demonstrate how the design effectively balances deflection and stress
distribution while adhering to the material and structural constraints.
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Fig. 2. Distribution of Huber-Mises-Hencky stresses in the optimized rectangular tank wall

Figure 3 illustrates the convergence of the geometric parameters over the course of the optimization
process. The parameters include the top and bottom wall thicknesses, rib dimensions (width and height),
and the ring width/height. As the iterations progress, there is noticeable variation in the values, especially
in the early stages, which reflects the algorithm's exploration of the design space. However, after
approximately 250 iterations, the parameters begin to converge to their optimal values, as indicated by
the stabilization of the lines near the final iteration. The "best solution" is marked at the point where the
parameters reach their final optimized values, demonstrating the efficiency of the multistart optimization
approach in finding the best design configuration.
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Fig. 3. Convergence of the geometric parameters over the course of the optimization process.

Figure 4 shows the convergence of the objective function, which is the total volume of concrete
to be minimized. Initially, the objective function experiences significant fluctuations, reflecting the
adjustments made by the optimization algorithm as it searches for an optimal solution. As the iterations
progress, the objective function gradually decreases, with noticeable dips indicating substantial
improvements in the solution. By around iteration 200, the function stabilizes, converging toward the
final optimal solution, where the best design is achieved with minimal concrete volume. The best
solution is clearly marked near the end, where the objective function reaches its lowest value.
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These figures collectively demonstrate the effectiveness of the optimization process, with Fig. 3 showing

the stabilization of design parameters and Fig. 4 confirming the minimization of the objective function,
both converging toward an optimal solution.
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Fig. 4. Convergence of the objective function

Figure 5 presents the optimized configuration of one wall of the rectangular tank, showing the
final design after the optimization process. Both the tank wall and the stiffening ribs exhibit varying

dimensions along the height, reflecting the structural need to accommaodate different stress distributions
caused by hydrostatic pressure.

Fig. 5. Optimized configuration of one wall of the rectangular tank

The wall thickness increases toward the bottom, where the pressure is greatest, while it tapers
toward the top, where the pressure is lower. Similarly, the stiffening ribs are wider and deeper at the
base to provide additional support in the regions subjected to higher loads. At the top, the ribs are more
slender, reflecting the reduced structural demand in this region. This variation in geometry demonstrates
the effectiveness of the optimization process in balancing material usage with structural performance.
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This final configuration represents the most efficient use of concrete material while adhering to the
constraints on deflection and tensile stress, ensuring both cost-efficiency and structural integrity. Table 1
presents the starting and final (optimized) dimensions of the wall of tank.

Table 1. The starting and final design parameters.

parameter Initial value [m] | Optimal value []
Wall thickness at the top 0.20 0.100
Wall thickness at the bottom 0.20 0.234
Width of vertical ribs 0.20 0.085
Height of the rib at the top 0.20 0.000
Height of stiffener at the bottom 0.20 0.800
Width/Height of horizontal stiffener 0.20 0.000

6. DISCUSSION

The optimization results demonstrated a significant improvement in both material efficiency and
structural performance. By allowing the wall thickness and rib dimensions to vary along the height of
the tank, the final design achieved a more efficient use of concrete, particularly in areas subject to lower
stress. The thickening of the wall toward the bottom, where hydrostatic pressure is greatest, ensured that
the structural integrity was maintained, while the thinner upper sections contributed to material savings.
This distribution reflects the optimization strategy’s ability to target regions of high demand with
increased material, while reducing unnecessary thickness where it is not required. The ribs, optimized
for both width and height, played a crucial role in reducing deflections and distributing the stresses more
evenly across the wall. The GlobalSearch algorithm efficiently identified the best configuration by
thoroughly exploring the design space, confirming that it is well-suited for this type of structural
optimization problem.

The comparison between the initial and final designs clearly highlights the benefits of
optimization. In the initial configuration, with uniform thickness and ribs, deflections were significantly
higher, particularly near the upper regions of the tank. By contrast, the optimized design showed a
marked reduction in deflections, especially in critical areas, thanks to the tailored rib dimensions. The
stress analysis also revealed that the optimized design kept the tensile stresses well below the 3 MPa
limit, while the material volume was minimized, offering an efficient, cost-effective solution. This
balance between structural constraints and material usage illustrates the effectiveness of the adopted
approach, particularly for tanks subjected to hydrostatic loads, where the distribution of stresses is non-
uniform.

The optimized designs are compared with conventional designs where wall thickness is constant
along the height. The effectiveness of the optimization is evaluated by comparing material usage,
maximum tensile stresses, and deflections. Previous studies have shown that designs with variable wall
thickness can achieve up to 15% material savings while maintaining structural performance [24,25]. The
results of this study aim to further validate these findings by demonstrating the effectiveness of the trust
region and multistart optimization approaches in the design of rectangular tanks.

7. CONCLUSIONS

This study demonstrated the potential for significant material savings and improved structural
performance through the optimization of rectangular tank walls. By employing a GlobalSearch
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algorithm to adjust the wall thickness and rib dimensions, we achieved a design that met stringent
constraints on tensile stress and deflections while minimizing the volume of concrete used. The
optimization process allowed for a variable wall thickness, tailored to the stress distribution caused by
hydrostatic pressure, as well as optimized stiffening ribs that improved the tank’s resistance to
deformation. The results validate the use of advanced optimization techniques in civil engineering,
particularly for structures subjected to non-uniform loading conditions, such as storage tanks.

In conclusion, the optimized design presents a practical solution for reducing construction costs
without compromising safety or performance. The methodology demonstrated in this study can be
further applied to other types of structures where non-uniform stress distributions occur, allowing
engineers to design more efficient, cost-effective structures. The proposed method is versatile and can
be applied to both above-ground and underground tanks, as well as in aquatic environments. It imposes
no restrictions on incorporating additional static and environmental loads, such as temperature effects,
making it adaptable to a wide range of design scenarios. Future work could explore additional design
parameters or extend this approach to more complex geometries, further improving the application of
optimization in structural engineering.
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