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Abstract 

In the paper the mathematical model of the optimization problem of limit and shakedown 
analysis for composite plane frames, containing elastic-plastic and brittle elements under 
low-cyclic loading, is proposed. It is assumed that the load varies randomly within the 
specified domain, and limited plastic redistribution of forces in such structures occurs. 
An example of the shakedown analyses of the composite frame is given. 
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1. INTRODUCTION 

Composite construction systems combine benefits of concrete stiffness with 
high steel resistance and speed of steel erection. These systems are 
recommended to be used in high-rise buildings [1] and highly loaded 
constructions, such as skyscrapers, industrial structures etc. Typically, in 
composite constructions the erection of steel frame advances to a predetermined 
height using steel erection columns, which are then encased in reinforced 
concrete as shown in Fig. 1. 
The paper presents a method for determining the mechanisms of brittle-plastic 
destruction of composite concrete building frames, which can be used in 
assessing stress state of the composite frame in post-elastic stage.  
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Such assessment is required for: designing the structures to resist an earthquake 
[2-3], progressive collapse analysis [4], as well as for choosing strategies for the  
protection of buildings against accidents[5]. Effective seismic protection 
systems often include various combinations of plastic and brittle elements [6], 
which absorb energy of external actions. Limited analysis of the elastic-plastic 
system has been studied in many papers (see, for example [7, 8, 18, 19]). At the 
same time, the important issues connected with the presence of brittle elements 
in the structures were discussed significantly less [20]. 

 
Fig. 1. General construction sequence in composite structures 

In this paper, which is based on the approach proposed by the first author [8],we 
consider plastic and brittle fracture of elements and formulate optimization 
problem of limit analysis and shakedown of plane rod systems in composite 
frame of buildings. It is assumed that the load varies randomly within the 
specified limits. 
In the columns and beams of buildings we propose a possibility of appearance 
of a plastic hinge with elastic-plastic fracture (against the action of the bending 
moment and the normal force), and the possibility of the brittle fracture of the 
elements (against the action of shear force). As a result of solving the 
optimization problem we have defined the mechanism of fracture of the 
reinforced concrete frame, the most unfavorable load parameters and the 
residual stresses in the plastic elements. An example of shakedown analyses of 
composite concrete frame with elastic-plastic and elastic-brittle elements is 
presented. 
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2. MATHEMATICAL MODEL OF OPTIMIZATION PROBLEM 

An “elastic” solution of equation (1) is used then as the basis for the analysis of 
inelastic system. Namely the problem of load-bearing capacity of structures 
made of perfectly elastic-plastic and elastic-brittle elements under variable loads 
is formulated as follows: to find the vectors of single loadings Fj, j∈J, a 
parameter (safety factor) µ for load F, as well as the vector of residual forces Sr 
= (Spl

r, Sbr
r) such, that 

µ→max, (2.1)

Se(t) =ωSF µF, (2.2)

Se(t) =(Spl
e, Sbr

e), (2.3)

AplSpl
r = 0, (2.4)

φpl(Spl
e+Spl

r, S0,pl) ≤  0, (2.5)

max
bri I∈
φbr(Sbr

e, S0,br)i≤  0, (2.6)

F(t)∈Ω(Fj, j∈J), (2.7)

where ωSF is the influence matrix of the load vector F on the force vector  
Se, Se = (Spl

e, Sbr
e); 

Spl
e и Sbr

e are the force vectors in sections of the elastic-plastic and elastic-brittle 
elements in the elastic range of work respectively;  
Apl is the matrix of equilibrium equations of the residual forces Spl

r in the 
sections of the elastic-plastic elements; 
Se, Sr are the vectors of elastic and residual forces in the sections of the 
elements; 
Fj is the vectors of j-th combinations of loads, j ∈ J, 
J is the array of the loads combinations; 
Ibr is the array of the i-th brittle elements; 
Ω(•) is the array of the loads F. 
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Here ϕϕϕϕpl/ΩF are the yield functions, depending on the set ΩF external actions 
(loads Fj) for elastic-plastic elements; ϕϕϕϕbr are the strength functions for brittle 
elements; ωωωωF,ωωωωd is the matrix of loads influence on the elastic forces; Apl is a 
matrix of equilibrium equations (2.4). The subscripts pl and br relate to the 
elastic-plastic and elastic-brittle elements, superscripts e and r relate to the 
elastic and residual forces. 
The equations (2.1)-(2.7) are a problem of nonlinear programming (NLP). 
After finding the failure mechanism (active constraints (2.5, 2.6)) in problem 
(2.1)-(2.7) one must take into account the dynamic effects of this destruction in 
iterative procedure [10]. The simple approach to such dynamic analysis was 
proposed in [11]. 
Note that the problem for mixed structures with elastic-plastic and elastic-brittle 
elements, formulated above, is new. In this problem in addition to loads Fj it is 
possible to consider the dislocations dj as similar external actions. By changing 
the dislocation dj we can also optimize the state of structures pretesting.  
In the particular case of one-pass loading the problem (2.1)-(2.7) is simplified 
[9], while |J| = 1, this problem is also applicable for the analysis of the 
progressive destruction of structures [12]. 

3. EXAMPLE OF SHAKEDOWN ANALYSES OF COMPOSITE 
FRAME 

An example of shakedown analyses of composite concrete frame with elastic-
plastic and elastic-brittle elements (Fig. 2) is given below. 
Two types of the load are acting on this frame: 1) dead load (Fig. 3a); 2) life 
load as a horizontal load applied to each floor and acting alternately in opposite 
directions (Figure 3b). These loads are included in two load combinations. 
FEA software SAP2000 is used for calculation in elastic stage. Design model 
with joints and members labels is shown in Fig. 3. The cross-sections of the 
frame elements are shown in Table 1. Strength class for concrete C35/45 is 
used.  
According to [13] full shear connection was provided between the structural 
steel section and the web encasement. 
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Fig. 2. Composite concrete frame 

 
a) 

 
b) 

Fig. 3. Loads acting on frame, kN 
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Fig. 4. Design model of frame 

Table 1. Sections of frame members  

№ 

Section 
b, мм 

H, 
mm 

Longitudinal 
reinforcement, 
class 

Steel 
section, 
class 

Member 
labels in 
model 

top bottom top 
botto

m 
  

1 

 

1000 300 600 3Ø20, 
B500B 

Ø12, 
B500B 

HE400A 
S275 

2,6,7,8,9,
10,11,12,
13,14,19,
20 
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2 

 

1000 300 600 4Ø25, 
B500B 

Ø12, 
B500B 

HE400A 
S275 

1, 3,4,5 

3 

 

500 500 500 3Ø20, 
B500B 

3Ø20, 
B500B 

IPE400, 
S275 

33,34,23, 
24,27,28, 
21,22,35, 
36,25,26, 
37,30,31, 
32,38,39, 
15,16,40, 
17,18,19 

 

Fig. 5. Moment-curvature curve 

The plastic moment capacity of all composite concrete members was calculated 
by moment-rotation (curvature) analyses based on mean value of material 
properties. The moment-rotation curve can be idealized with an elastic perfectly 
plastic response to estimate the plastic moment capacity of a member's cross-
section [14]. The elastic portion of the idealized curved should pass through the 
point marking the first reinforcing bar yield. The idealized plastic moment 
capacity is obtained by balancing the areas between the actual and the idealized 
moment-rotation curves beyond the first reinforcing bar yield point, see Fig. 4. 
The idealized moment-curvature curves for members’ cross-sections have 
shown in Table 2 and 3. 
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Table 2. The idealized moment-curvature curves for columns’ cross-sections 
Number of 
cross-section  by 
Table 1/ number 
of 
elements/axial 
force, kN 

Curve for positive and 
negative moments 

Number of 
cross-section 
by Table 1/ 
number of 

elements/axial 
force, kN 

Curve for positive and 
negative moments 

3/33, 34/ -1358 
kN 

Mp=1157 kN·m 

3/33, 34/ 123 
kN 

Mp=954 kN·m 
3/35, 36/ -1532 
kN 

Mp=1177 kN·m 

3/38, 39/ -
1520 kN 

Mp=1175 kN·m 
3/25, 26/ -1187 
kN 

Mp=1139 kN·m 

3/30, 37/ -854 
kN 

Mp=1098 kN·m 
3/31, 32/ -533 
kN 

Mp=1054 kN·m 

3/23, 24/ -970 
kN 

Mp=1112 kN·m 
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3/23, 24/ -33 kN Mp=980 kN·m 3/27, 28/ -596 
kN 

Mp=1064 kN·m 

3/27, 28/ -128 
kN 

Mp=993 kN·m 3/21, 22/ -279 
kN 

Mp=1012 kN·m 

3/21, 22, 15, 16  
/ -138 kN 

Mp=995 kN·m 3/15, 16/ -
1073 kN 

Mp=1125 kN·m 

3/40, 17/ -647 
kN 

Mp=1070 kN·m 3/40, 17/ -181 
kN 

Mp=998 kN·m 

3/18, 29/ -294 
kN 

Mp=1014 kN·m 3/18, 29/ -153 
kN 

Mp=996 kN·m 

Table 3. The idealized moment-curvature curves for beams’ cross-sections 

Number of 
cross-section  
by Table 1/ 
number of 

elements/axial 
force, kN 

Curve for positive moments Curve for negative moments 

1/19, 20/ -366 
kN 

Mp=1133 kN·m Mp=1011 kN·m 

1/19, 20/ 167 
kN 

Mp=1055 kN·m Mp=900 kN·m 

1/8, 12/ -178 
kN 

Mp=1112 kN·m Mp=977 kN·m 

1/2, 6, 8, 9, 
10, 12/ 0 kN 

Mp=1080 kN·m Mp=937 kN·m 

2/1, 3, 4, 5/ 0 
kN 

Mp=1314 kN·m Mp=966 kN·m 

1/13, 14/ -180 Mp=1112 kN·m Mp=977 kN·m 
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kN 
1/13, 14/ 205 
kN 

Mp=1049 kN·m Mp=890 kN·m 

1/7, 11/ -52 
kN 

Mp=1090 kN·m Mp=953 kN·m 

1/7, 11/ 103 
kN 

Mp=1068 kN·m Mp=917 kN·m 

Transverse reinforcement of all frame elements is made of bars Ø8 B500B, at 
200 mm. Resistance to vertical shear designed in accordance with [13]. The 
distribution of the total vertical shear VEd into the parts Va,Ed and Vc,Ed, acting on 
the steel section and the reinforced concrete web encasement respectively 
assumed to be in the same ratio as the contributions of the steel section and the 
reinforced web encasement to the bending resistance Mpl,Rd.  
Envelope elastic bending moment diagram is shown in Fig. 6.  
To solve the optimization problem first of all we have to find the residual forces 
vector Spl

r in the sections of the elastic-plastic elements. This frame is 24 times 
statically indeterminate. Taking into account that the brittle links do not allow 
plastic redistribution, there are only 8 links through moments in which the 
system can adapt to external action remains. Thus Spl

r = ωωωωX X, where ωωωωX is a 
influence matrix of independent residual forces vector X ∈ R8 on the vector Spl

r. 
Single residual moment diagrams from the components of residual forces of unit 
vector X = (1,… , 1) ∈ R8 in the basic system are shown in Fig.7. 
Then the nonlinear optimization problem was solved as a sequence of linear 
programming ones.  For the first iteration the safety factor for load µ = 1,175 
was obtained for the vector of independent residual forces X = (-226.48,  
-136.55, 134.97, 0, -324.08, -228.17, 48.41, 331.82). Interaction between the 
moment capacity and the axial force was taken into account for the second 
iteration and the safety factor for load µ = 1,173 was obtained for the vector of 
independent residual forces X = (-217.81, -157, 92.72, 0, -315.27, -248.5, 43.7, 
310.7). Envelope elastic moments diagram considering the safety factor for load 
is shown in Fig.8 and the envelope moments diagram considering limited plastic 
redistribution of internal forces is exposed in Fig. 9.  
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Fig. 6. Envelope bending moment diagram, kN·m 
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Fig. 7. Envelope axial forces diagram, kN 
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Fig. 8. Unit residual i-th moment diagrams, i = 1,..., 8 
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Fig. 9. Envelope elastic moments diagram (increased by the safety factor) , kN·m  
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Fig. 10. Envelope moments diagram after limited plastic redistribution of forces, kN·m 

4. CONCLUSIONS 

The paper presents a mathematical model of optimization problem for 
shakedown analysis of the composite plane frames under low-cyclic loading. 
For such structures in addition to plastic, there also appears a brittle failure of 
the elements against lateral forces. Existing simplified methods cannot account 
for the joint work of the steel section and concrete grouting under shear. Due to 
the possibility of limited plastic redistribution of forces in the structure the 
proposed analysis can recognize additional reserve of bearing capacity for this 
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composite frames, at the same time taking into account the brittle and ductile 
elements. Identification of load bearing capacity reserve is especially important 
in the structures design for special actions. 
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PRZYSTOSOWANIE RAM ZESPOLONYCH Z UWZGLĘDNIENIEM 
PLASTYCZNEGO I KRUCHEGO ZNISZCZENIA ELEMENTÓW 

S t r e s z c z e n i e  

W pracy przedstawiono model matematyczny optymalizacji nośności granicznej 
i przystosowania płaskich ram zespolonych stalowo-betonowych, zawierających 
sprężysto-plastyczne i kruche elementy. Przyjęto, że obciążenie zmienia się w dowolny 
sposób w określonym obszarze. W takich konstrukcjach po obciążeniu niskocyklowym 
występuje ograniczone plastyczne wyrównanie sił wewnętrznych. Podano przykład 
analizy przystosowania ramy zespolonej. 

Słowa kluczowe: ramy zespolone, element sprężysto-plastyczne I kruche, obciążenia 
zmienne 
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